Results of lattice-dynamical calculations are presented which support the view that the ferroelectric phase transition in gadolinium molybdate (GMO) arises from the softening and ultimate instability of a doubly degenerate zone-edge mode of the high-temperature paraelectric phase. We have used a rigid-ion model in which the short-range force constants are obtained from a detailed knowledge of the crystal structure together with the conditions imposed by the requirement that the crystal must be in static equilibrium under the combined influence of both Coulomb and short-range forces. Our results show that this type of approach is very useful when one is dealing with complex structures such as GMO, which has thirty-four ions per unit cell in the paraelectric phase. In view of the simplicity of our model we are able to obtain a surprisingly good correlation with experimental results. In particular, our calculated zone-center frequencies reproduce the basic features of the observed Raman spectrum. Dispersion curves are presented which show a pronounced softening of two phonon branches which become doubly degenerate at the M point. This result is in agreement with the results obtained by inelastic neutron scattering. The displacements associated with the soft M-point modes correlate with the difference in the structures of the high-and low-temperature phases determined by x-ray diffraction. This provides further evidence that the ferroelectric domains in GMO are to be interpreted as "frozen-in" soft zone-boundary modes of the paraelectric phase.
I. INTRODUCTION Gadolinium molybdate [ G d 2 (~o 0 4 ) , o r GMO] was
found to undergo a ferroelectric transition at 159 "C by Borchardt and Bierstedt. ' Subsequent studies of this transition by a number of workers have shown that i t possesses some very unusual properties. Particularly remarkable i s the essential absence of any dielectric anomaly. The clamped dielectric constant shows no temperature dependence while the f r e e crystal exhibits only a small peak at the transition temperature. At the same time, there is a large anomalous elastic behavior which occurs for temperatures T < 159 "C. However, this anomaly, a s does the peak in the f r e e dielectric constant, vanishes suddenly when T 2 159 "C.
Detailed x-ray analyses of the structure of ferroelectric (f. e. ) phase of GMO have been performed by Keve et al. ' and Jeitschko, while Jeitschko has also made similar studies on the paraelectric (p, e. ) phase. The transition is accompanied by a structural change from ~T 2 , m with two formula units per unit cell for p. e. GMO, to Pba2 with four formula units per unit cell for f . e. GMO.
The fundamentally new aspect of this transition is that the instability in the p. e. phase results from a softening of a doubly degenerate phonon mode at the zone boundary. This was suggested independently by Pytte, ' Levanyuk and Sannikov,' and Aizu, ' who observed that such a soft M-point mode would account for the observed doubling of the unit cell. Subsequent neutron-scattering measurements of Axe et al. and Dorner et al. l' have shown that this i s indeed the case. In the latter paper, l' dynamical structure analysis was used to examine the relative magnitudes of those eigenvector components which a r e not fixed by symmetry alone. l2 In this way a linear combination of eigenvectors for the degenerate M-point modes was determined and it was found that the associated displacements could describe the differences between the structures of the two phases.
These authors were also able to explain the appearance of polarization in t e r m s of an order parameter which i s proportional to the soft-mode amplitude and which i s anharmonically coupled to the macroscopic strain. Since the crystal is piezoelectric, this in turn produces a spontaneous polarization.
The anharmonically induced strain due to a specific soft mode depends upon the "direction" of the mode in the degenerate "plane" of the two softmode eigenvectors. From Eqs. (13) and (I l c ) of Ref. 11 , the strain i s proportional to g,,, sin24 + g,,,, cos24, where 4 i s a rotation in the degenerate "plane" and g,, , and g,,, a r e coefficients which describe the anharmonic coupling. If we replace 4 by 4 +* r t h i s evidently changes the sign of the strain, and thus, domains of opposite strain (polarization) in the f. e. phase must correspond to orthogonal eigenvectors of the degenerate soft modes in the p. e. phase. This point was f i r s t discussed by Axe et aE. l o However, the subsequent discussion in Ref. 11 i s somewhat obscure on this point since it appears that setting 4 = 0 and fitting Jeitschko's data for one polarization do not allow for switching.
We have also found that this type of ch dependence
in the strain (polarization) i s necessary to account f o r the observed differences between the f . e. and p. e. structures. Furthermore, we conclude that a s the transition occurs the crystal "selects" a particular set of orthogonal eigenvectors from the degenerate "plane" and the displacements associated with these special eigenvectors a r e "frozen" into the structure. Again, this is not immediately clear from the discussion in Ref. -Pe(-u,). These possibilities account for the unusual switching mechanism in GMO and lead one to consider the possibility of domain walls between regions of like polarity. l 3 Our calculations a r e based on a rigid-ion model in which short-range interactions between the gadolinium ions and their seven nearest-neighbor oxygen ions a r e included and similar interactions between the molybdenum ions and their four nearestneighbor oxygen ions a r e also taken into account. Our approach requires a detailed knowledge of the crystal structure. Given this and the magnitudes of the ionic charges, we obtain certain equilibrium conditions, which specify the first derivatives of the short-range potentials. Three other parameters (two of which are second derivatives of the short-range potentials and the third of which measures the ionicity of the molybdate group) a r e obtained by a partial fitting to the observed Rarnan spectra.
In Sec. I1 we give a detailed account of the model we have used and present an overall comparison of the observed Raman spectra with theoretical predictions. In Sec. I11 phonon dispersion curves a r e presented which show a pronounced softening of the two modes that become degenerate at the M point. We then list and discuss the eigenvectors and the associated displacements of these soft modes and relate them to the structural differences between the f . e. and p. e. phases.
RIGID-ION MODEL FOR PARAELECTRIC GMO
We regard p. e. GMO to be an array of point charges of magnitudes z,,e, zMoe, and zoe, for the gadoliniums, molybdenums, and oxygens, respectively, where e i s the absolute magnitude of the electronic charge. These a r e located at the sites determined by Jeitschko. In Table I we list coordinates for all 34 ions in the unit cell along with the ion label used by Jeitschko and define another label k , where k = l , 2 , . . . ,34. We take z,, = + 3 and z, = -2 -4z0, and allow z o to be an adjustable parameter. We then assume that the ions a r e held apart by various central short-range forces which act between the molybdenum ions and their four nearest-neighbor oxygen ions, and between the gadolinium ions and their seven nearest-neighbor oxygen ions.
If the static lattice is in equilibrium, then the net force on any sublattice must be zero, and the macroscopic s t r e s s due to the short-range forces must cancel that produced by the Coulomb forces which tend to collapse the structure. To set the crystal in static equilibrium the short-range forces must be chosen to satisfy these constraints. Explicit expressions for these static equilibrium conditions a r e given by Boyer and ~a r d~" for a general rigid-ion crystal. F o r our model of p. e. GMO we have eight force constants to be determined from these conditions. These a r e the first derivatives of the short-range interatomic potential between the following ion pairs (we used Jeitschko' s notation; see Table I ):
Unfortunately, this procedure gives 16 linearly independent equilibrium conditions from which these eight force constants have to be determined; 14 a r e obtained from the sublattice equilibrium conditions and two from the requirements that the macroscopic s t r e s s e s be zero. Of the 14 sublattice equilibrium conditions, two are provided by Gd(l), two by ~o ( l ) , two by 0(1), two by 0(3), three by 0(5), and three by O(9) .
The values of the Coulomb forces F , ( k ) obtained using z,= -1.25 a r e listed in Table II . The reason for using this value for the oxygen charge i s discussed below. From the values in Table 11 it is clear that the Coulomb forces on the oxygens a r e considerably larger than those on the Gd(1) and ~o ( 1 ) ions. The force on the Mo(3) ions i s automatically zero. (This i s because these ions are at the origin of the 5 operation. ) Thus, we only require that the short-range forces cancel, o r approximately cancel, the Coulomb forces on the oxygen ions. We also neglect the conditions for zero macroscopic s t r e s s and assume the existence of whatever applied s t r e s s i s necessary to maintain the experimentally determined lattice constants.
From our restrictions on the range of the short- we determine the short-range forces acting on these ions by requiring that they cancel the components of the Coulomb force lying in the plane of the shortrange forces.
The resultant short-range forces are listed in Table In , along with the associated bond lengths, and a r e plotted a s a function of bond length in Fig. 
1.
To perform lattice dynamical calculations we also need the second derivatives of the short-range potentials. We have chosen these second derivatives to be the same for all the Mo-0 interactions ($zo) and also f o r the Gd-0 interactions (+&' d).
The values taken for @$ and +& appear in Fig. 1 a s the slopes of the plots of 4' against bond length. ; were determined by fitting to Raman data.
The value of the ionic charge, z 0 = -1. 25, was also chosen in this manner. The masses of the ions a r e mod= 157.0, m,,= 96.0, and m o = 16.0, in atomic mass units.
In the foregoing material we have described how we obtain all the parameters necessary to construct the dynamical matrix of p. e. GMO; namely, the charges of the ions, the masses of the ions, their precise locations, and the values of the first and second derivatives of all short-range potentials. General expressions f o r the dynamical matrix of a rigid-ion lattice15 have been programmed for the computer so that we can treat any structure within the limits of the rigid-ion model given the necessary input parameters such a s those listed above. This program was used in our lattice dynamical calculations for p. e . GMO. The eigenvalues were obtained using a subroutine based on the Householder method, which we find is -10 times more efficient than the Jacobi method. '' In Table IV we list the frequencies of the normal modes of zero wave vector with the macroscopic electric field contributions omitted. The nonacoustic portion of this spectrum of frequencies is plotted a s a histogram and compared with a se- Fig. 1 ) the lowest frequency is that shown in Table N and is close to the limiting value. F r o m the results given i n Table IV i t is c l e a r that o u r lowest frequency modes a r e too low, but over all, the correspondence between theory and Raman spectrum. experiment in Fig. 2 is surprisingly good, considering the simplicity of the model that we have used. We believe that the probable cause of o u r inability to fit the low-frequency end of the spectrum is that we have not included enough short-range interactions to put the crystal in complete static equilibrium.
When the macroscopic electric field contribution to the dynamical m a t r i x is included certain of the degeneracies shown i n Table N a r e lifted. The resultant splitting depends upon the direction of the wave vector. However, this modification does not affect the correlation shown in Fig. 2 . In particul a r , we find that the lowest frequency mode is unaffected by the electric field contribution.
The comparison in Fig. 2 is not the only one possible. We could also make comparisons with experimental s p e c t r a obtained f o r other scattering geometries. However, until we know more about the symmetries of the computed eigenvectors this would be premature. For the present all that we can say is that we do not necessarily expect the Raman spectrum to show all the ; = 0 modes and thus the present comparison is only semiquantitative.
III. SOFT-ZONE-EDGE MODES
Using the model described in detail in Sec. 11, we have computed the phonon dispersion curves for modes propagating along the [I101 direction in p. e. GMO. The results of these calculations a r e shown in Fig. 3 .
The important feature of Fig. 3 is the occurrence of two soft degenerate modes at the zone edge (M point); in fact, for these modes our model lattice i s unstable. Also present i s an acoustic instability, but this instability is not a s prominent a s that of the two zone-edge modes. This acoustic instability i s probably due to the fact that the frequency of the lowest zone center mode is too small. This can result in acoustic instability. ' -w2,6 i s much larger than the other eigenvalues of G, and for any vector X, the vector GnX will converge rapidly, a s n increases, to an eigenvector associated with this largest eigenvalue. le Since the two soft modes a r e degenerate, the vector G"X may lie anywhere in a two-dimensional "plane" in the hyperspace of eigenvectors. However, by starting with two different vectors X and X', we obtain linearly independent eigenvectors , GnX and G"x', and from these an orthonormal bas i s can be constructed. Two such orthonormal eigenvectors, denoted by S,(k,j) with j = 1 o r 2, a r e listed in Table V. The displacement of the ion (2, k ) due to all the crystal vibrations is given by where e,(k,jlc) is the jth eigenvector of the dy- where we have expressed the eigenvectors in the polar form Sa(k,j) =Ra(k,j) e"ea(h*", as they are listed in Table V . The soft-mode theory of displacive phase transitions hypothesizes that at the transition the displacements associated with the soft mode (or modes) are "frozen" o r "condensed" into the phase of lower symmetry. That is, the difference between the structure of the two phases corresponds to the displacements associated with the soft modes in the higher-symmetry phase.
The structure of f. e. GMO has been determined by Jeitschko. 5 * 6 He concludes that ferroelectric switching may be visualized a s an application of the 7 operation, which was a symmetry operation of the high-temperature phase,
Thus, we can determine the positions of the ions in the ferroelectrically switched phase from Jeitschko' s values by performing a rotation of 90" about the x = f , y = f axis followed by a reflection in the z = 0 plane.
The 3 operation may be applied n times, where n = 0,1,2, o r 3, to obtain four different sets of ion coordinates. Hence, when one subtracts from these, the coordinates of the ions in the p. e. phase one obtains four different sets of displacements denoted by G(1, k In), to be interpreted a s arising from "frozen in" soft modes. In Table VI we list the displacements associated with the structural difference between the two phases for the k = 19 and k = 21 ions. These displacements were computed for zero macroscopic strain, i. e . , the lattice constants $f the f . e. phase woere taken to be a = b = 10.4554 A and c = 10.6700 A, which correspond to those of the p. e , phase, insteadof thoseof the room-temperature phase.
An important feature of the displacements G(1, k 1 n ) i s that those associated with an even (or odd) number of applications of the a operation differ primarily only in their sign; i. e. , G(l, k in) 2-<(l,kln+2). For example, using the data given in Table VI -w(l, k 13)] and their negative counterparts.
Equation (3) gives the displacements due to one o r other of a pair of orthogonal eigenvectors. However, these are still arbitrary and we now define a new pair of vectors:
and its orthogonal counterpart
We are now free to choose the coefficients a,, a, and the phase angles ~( l ) , A(2), so that t;,(l,k) and r;L(l, k) fit the largest components of the displacements ?j(l, k) and ij'(1, k), for t ! e O(5) ions.
pecifically, if we take a, = 8.5093 A, a, = -1.0088
A , A (~) = -2 . 734", and A(2)=5.021°, then t;, (l,19) =q,(l, 19), g i (1,19)=~:(1,19), LY(1,2l)= qy(1,21), and $~(1,21)=q~(1,21). The displacements t;(O,k) and ~' ( 0 , k) obtained using the parameters given above, together with the corresponding displacements G(0, k ) and G '(0, k) , which characterize the difference in the structure of the f. e. and p. e. phases, are listed in Table VII for all values of k.
F2r the other lattice points Z(Z, k ) = ( -~) ( l , + l,)_ x C(O, k ) with similar expressions for g'(1, k), q(1, k), and ? '(l, k) .
The differences between the calculated and measured displacements are displayed pictorially in Fig. 4 . There a r e 13 nonequivalent displacement differences. The measured displacements are denoted by solid vertical arrows with length proportional to the magnitude of the displacement. The lengths of the dashed arrows denote the magnitudes of the calculated displacements while their directions show the directional deviation from the measured values. There i s clearly a correlation between our calculated soft-mode displacements and those obtained from the structures of the two phases. There a r e some discrepancies; particularly in that the magnitudes of the calculated displacements, other than those which we fit, are too small. On the other hand, one does not expect the soft-mode displacements to be frozen into the crystal exactly, owing to the higher-order effects that are significant at the transition and which a r e responsible for the onset of the permanent polarization. Also the use of our oversimplified model may be causing some of the discrepancies.
Perhaps the most important factor which spoils the correlation i s the fact that the f. e. structure, which we have used to determine ?(l,k) and :'(l, k), was determined at room temperature. Jeitschko has shown that the structure changes continuously with temperature from room temperature to just below 159 "C and that about half the change in structure occurs over this temperature range. ' For a better comparison, we really need the structure of given i n Table VII. The solid a r r o w s a r e assigned a vertical direction and the lengths and angular deviations a r e drawn to scale.
f. e. GMO at a temperature just below 159 "C. On the whole however, y e believe the present correlation is quite good and provides new insight into the nature of the transition and the formation and switching of f . e . domains. l4
